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Abstract

This study presents a simple method for analysing marks-versus-percentile data
from an examination. The main purpose is to obtain a measure of the overall
preparation level of the examinees. The method is developed using marks-
versus-percentile data for the Joint Entrance Examination—Main [JEE (Main)]
held in April 2024. An empirical mathematical function is used to describe the
relation between marks and percentile score. From this function, a probability
function for obtaining different marks is obtained. This probability function is
then used to find the most probable marks, the average marks, and the standard
deviation of marks. The probability of obtaining marks within a specified range
and the probability of obtaining marks equal to or greater than a specified value
can also be calculated. For the data used in this study, the fitted function gives a
coefficient of determination of 0.99894. The most probable marks are found to
be 19, while the expectation value and standard deviation are 47.26 and 49.74
marks, respectively. The sum of the calculated probabilities is very close to
unity. The method is simple and can be applied to other examinations. Its
accuracy can be improved by using a larger marks-versus-percentile dataset.

Keywords: Marks-versus-percentile, Percentile score, JEE (Main), Probability
distribution, Most probable marks, Expectation value, Standard deviation,
Examination data, Average preparation level, Empirical model.

1. Introduction
A percentile score shows how well a candidate has performed compared with the other
candidates in an examination. Percentile scores are also used in other areas to compare
performance. They are used, for example, to evaluate journals, books, research papers, and
researchers in different ways [1-4]. In an examination, marks alone may not always be enough
to understand a candidate's position among all the candidates. A candidate may also need to
know the percentile score corresponding to the marks obtained, especially when applying for
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admission to different institutions. Therefore, it is useful to have a mathematical method for
finding the percentile score when the marks are known. A mathematical function for obtaining
the percentile score from the marks obtained in an examination was derived in an earlier study
[5].

In this study, we propose a simple way to analyse marks-versus-percentile data using an
empirical function. Besides finding the percentile score, it is often useful to know the chance
of getting marks above a certain value. For this, we need a function that can give the probability
of obtaining different marks. We have used marks-versus-percentile data to develop such a
function. From the way the percentile score changes with marks, we have chosen an empirical
formula for the percentile score as a function of marks. The values of the constants in this
formula should be found from a sufficiently large set of marks-versus-percentile data from
earlier results. In this study, we have used a small set of JEE (Main) data. Information about
JEE (Main) is available from the National Testing Agency (NTA) [6,7], while the marks-
versus-percentile data used here were obtained from an online source [8]. We have found the
values of the constants that give the best fit to the data. From the fitted function, we have
obtained a probability function for the marks. This function gives the most probable marks and
can also be used to find the probability of getting marks equal to or greater than any chosen
value. We have also shown how the average marks and standard deviation can be calculated.
The method is simple, and its accuracy can be improved by using a larger set of data from
previous examinations.

2. Model Formulation
Let us assume that there exists a function P (m) representing the percentile score of a candidate
who has scored m marks in an examination. The definition of percentile score is as follows [5].

P(m) = number of candidates with marks <m « 100 )
= total number of candidates

Let f(m) be the fraction of examinees who have scored m marks each. This fraction can be
expressed as,

number of candidates with marks = m

f(m) = (2)

total number of candidates

Based on the definition of P(m), represented by equation (1), f(m) can be expressed as,

P(m) — P(m - p)
100

f(m) = (3)

In writing equation (3), we have assumed that the variable m changes in steps of . Thus,
(m — pB) is the possible score just below m. Equation (3) cannot be the definition of f(m)
when m is the lowest score obtainable in the examination. In that case, we have, f(m) =
P(m)/100, which is valid according to equations (1) and (2). If the number of candidates
taking the examination is sufficiently large, the fraction of candidates, each having m marks,
can approximately be regarded as the probability of scoring that marks in the examination. In
the present study, we have used the function f(m) as the probability that an examinee scores
m marks.

The probability of obtaining marks between any two values of m, such as g and r (i.e., ¢ <
m < 1), can be expressed as [9-12],
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Pg,r)= ) fm) &
m=q

Let g(m) be the probability that a candidate scores marks = m in the examination. It can be
expressed as [9-12],

Mmax

gm = ) f() 5)

In equation (5), m;p,4y 1s the highest marks obtainable in the examination.
The expectation value of marks, denoted by m,, here, is expressed as [9-12],

Mmax

M= ) mf(m) ©)

M=Mmin

In equation (6), m,,;,, stands for the lowest marks obtainable in the examination.
The standard deviation of marks, denoted here by mg,, is given by [9-12],

1
Mmax 2

ma=| ) (n=me)? f(m) ™

M=Mmin

A simpler formula for mg, is given below [9-12].

| =

mg= (D m?fm) |- One? (8

3. Data Analysis

For the present study, we have used a set of marks vs. percentile data of the examination named
JEE (Main), held in April 2024, obtained from a certain website [8]. Table-1 of this article
contains that dataset.

Table 1. Marks vs. Percentile Data of April 2024 session of JEE (Main)

Marks Percentile Marks Percentile
82 80 158 96.5

96 85 163 97

113 90 170 97.5

119 91 177 98

124 92 188 98.5

130 93 199 99

137 94 220 99.5

145 95 226 99.6

149 95.5 234 99.7
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153 | 96 | 271 | 99.8

According to this table, the percentile score increases by 13 for an increase in marks from 82
to 130. For almost the same change in marks, i.e., from 130 to 177, the percentile score
increases by 5. Based on this nature of dependence of the percentile score upon marks, we have
assumed the following empirical expression to represent the percentile score P(m) as a
function of marks (m).

P(m) = A[1 — Exp{—b(m + ¢)}|" (9)

The JEE (Main) question paper has 75 questions carrying 4 marks each, the full marks being
300. Each wrong answer causes a deduction of 1 mark. Therefore, the value of the parameter
p (of eqn. 3) is 1.

The value of P(m) should be positive and it should be increasing with marks (m), as per
equation (1). Due to negative marking, the lowest value of P(m) (i.e., zero) should correspond
to a negative value of marks (m). For these conditions to be satisfied, we must have 4, b, c,n >
0, in equation (9).

Since the maximum marks obtainable in the JEE (Mains) is 300 (the full marks), equation (9)
must yield P(m) = 100 (the highest percentile score) for m = 300. This fact leads to the

following value for the constant parameter A which belongs to the expression for P(m) (eqn.
9).

Ao 100 (10)

" [1 = Exp{—=b(300 + c)}]"
As per equation (9), P(m) = 0 for m = —c. It means that, there is no examinee for whom m <
—c. Thus, the lowest marks scored is, my,;;, = —c + 1, since m changes in steps of 1. For any

analysis using equation (9), one should consider the values of m lying in the range: —c + 1 <
m < 300.

The constant parameter b in equation (9) determines how rapidly P(m) approaches its
maximum value (i.e., 100, the highest percentile score) as m increases. It has been observed
that, as the difficulty level rises, one gets a greater percentile score for the same marks secured
in the examination. This is due to a fall in the number of candidates scoring higher marks. The
value of P(m), for a certain m, decreases as the parameter n increases. Thus, both b & n need
to be changed, as the difficulty level changes.

Using equation (10) in equation (9), one gets,

[1 — Exp{—b(m + c)}|"

Plm) =100 [1— Exp{—b(300 + c)}]" (11)
Using equation (11) in equation (3), we can write,
f(m) = [1—Exp{—=b(m + c)}]" — [1 — Exp{—b(m — 1+ c)}]" a2

[1 — Exp{—b(300 + c)}|"
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The number of examinees for each session of JEE (Main) is close to 1 million. Due this large
sample size, the function f(m) can be regarded as the probability that an examinee obtains m
marks in the examination. Here, m can be treated as a discrete random variable, with values in
the range: —c + 1 < m < 300.

Using equation (12) in equation (4), we get the following expression for P(q, 1),

r

[1—Exp{—b(m+c)}|" — [1 — Exp{—b(m — 1+ c)}|"
P(q,r) = z — (13)
[1 — Exp{—b(300 + c)}]
m=q
Using equation (12) in equation (5), we get the following expression for g(m),
) = % [1 — Exp{—b(x + )} — [1 — Exp{~b(x — 1 + 0)}]" "
gum) = [1— Exp{—b(300 + O)}]"
xX=m
Using equation (12) in equation (6), we get the following expression for m,,,
< [[1— Exp{—b(m + O)}]" — [1 — Exp{—b(m — 1 + O)}]"
Myy = Z m (15)
[1 — Exp{—b(300 + c)}|"

m=—c+1
Using equations (12) and (15) in equation (8), one gets the following expression for mg,

1

( f (L= Exp(=bGm + )" ~ [1 = Expl=b(m =1+ c)}]n) T

e [1 — Exp{—b(300 + ¢)}]"

Mg = (16)

< [1— Exp{—b(m + O)}]" — [1 — Exp{=b(m — 1 + )}]\
_ 2 m I [1— Exp{—b(300 + c)}]" l

m=—c+1

4. Results and Discussion

Fitting equation (11) to the marks vs. percentile dataset of Table-1, we have obtained, b =
0.02344, ¢ = 46 and n = 4.44651. For this curve fitting, the coefficient of determination is,
R? = 0.99894. Using the values of b, ¢ and n, one obtains A = 100.134 from equation (10).
Form = —c = —46, we have P(m) = 0 (as per eqn. 11), which implies that no examinee has
obtained marks < —46. Thus, m,;;;, = —c + 1 = —45. For no analysis, one should consider
the values of m for which m < m,;,;;, — 1 or, m < —46.

Figure 1 shows the best fit of the function P(m) (eqn. 11) to the dataset of Table-1. Figure 2
shows the same P(m)-versus-m curve for the entire range of values of m.

Figure 3 shows the variation of the probability f(m) as a function of marks (m), based on
equation (12). It shows that a candidate has the highest probability of scoring 19 marks and the
corresponding probability is close to 0.00981.

Figure 4 shows the variation of the cumulative probability g(m) as a function of marks (m),
based on equation (14). It seems to be falling at a faster rate beyond m = 250. For the clarity
of data, we have chosen logarithmic scales for showing the values of both f(m) and g(m), in
Figures 3 and 4 respectively.
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Using equation (13), the probability of scoring marks between 100 & 200 (including these two
values) comes out to be P(100,200) = 0.126371, which means that 12.6371% of the
examinees are likely to score marks in this range.
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Figure 1. Percentile score versus marks. The | Figure 2. Percentile score versus marks,
blue curve is the best fit to the Table-1 data | using equation (11), over the entire range of
(circles), based on the function P(m) of | m, for the parameter values required for the
equation (11). best fit in Fig. 1.

Using equations (15) and (16), respectively, we have obtained m,,, = 47.26 and mgp = 49.74.
If the function f(m) (of eqn. 12) has to serve as the probability of scoring m marks in the
examination, its sum over all values of m should be unity. Our calculation shows,
390, f(m) = 1.000002. The deviation of the sum from unity may be due to the smallness
of the dataset (Table-1) used in this study. If we had used a sufficiently large dataset (i.e., a set
of marks vs. percentile data having almost all possible values of m), we could probably have
obtained a sum closer to unity.
The expectation value, the standard deviation and the most probable value of m, constitute a
set of numbers which may collectively be regarded as an index for the average preparation
level of the examinees who took the JEE (Main) in the session of April 2024.
One can use equations (11) to (16) for making predictions for any session of the JEE (Main)
with an accuracy which depends upon the values of the constant parameters (b, ¢ & n)
associated with P(m). To determine their values properly, one must use a reasonably large data
of marks vs. percentile.

The coefficient of variation (or CV, which is, standard deviation / mean) can be regarded as
an index of the overall performance of the examinees. The smaller the value of CV, the better
would be the collective performance of the candidates who have taken the examination. For
the JEE (Main) of April 2024, the mean and standard deviation of marks are respectively 47.26

and 49.74. Therefore, CV = B4
47.26

collective performance by the examinees.

= 1.052 or 105.2%, which is quite large, indicating a poor
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Figure 3. Probability versus marks. The | Figure 4. Cumulative probability versus
highest probability corresponds to m = 19. | marks. g(m) is the probability of scoring
The scale along the wvertical axis 1is | marks = m. The scale along the vertical axis
logarithmic. is logarithmic.

5. Conclusion

A simple mathematical method has been presented for analysing marks-versus-percentile data
from an examination. The method converts the percentile information into a probability
function for the marks obtained by the examinees. From this function, useful quantities such
as the most probable marks, average marks, standard deviation, and different score probabilities
can be obtained. For the JEE (Main) data studied here, the most probable marks are 19, while
the average marks and standard deviation are 47.26 and 49.74, respectively. These quantities
can together provide a simple measure of the overall preparation level of the examinees.

The present analysis is based on a relatively small set of marks-versus-percentile data.
Therefore, the accuracy of the results and of any prediction based on the method depends on
the amount and quality of the available data. A larger dataset covering more marks would be
expected to give more reliable parameter values and predictions. The method is not limited to
JEE (Main) and can be applied to other examinations if suitable marks-versus-percentile data
are available. The empirical function used here may also be replaced by another suitable
function in future studies. The results obtained using different functions can then be compared.
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